Abstract. Let G be a connected, simply connected simple complex algebraic group and let ǫ be a primitive ℓth root of unity with ℓ odd and coprime with 3 if G is of type G 2 . We determine all Hopf algebra quotients of the twisted multiparameter quantum function algebra O ϕ ǫ (G) introduced by Costantini and Varagnolo. This extends the results of Andruskiewitsch and the first author, where the untwisted case is treated.
Introduction
Let G be a connected, simply connected complex algebraic group. In these notes we determine all Hopf algebra quotients of the twisted multiparameter quantum function algebra O ϕ ǫ (G) introduced by Costantini and Varagnolo in [CV1] , where ǫ is a primitive ℓth root of unity with ℓ odd and if G is of type G 2 further ǫ is coprime with 3. The dual notion of this was introduced by Reshetikhin [R] to produce multiparameter quantum enveloping algebras of g = Lie (G) , see also [Su] . It is constructed as a twist deformation of the topological Hopf algebra U (g) over C [[ ]] , where the twist only involves elements of a fixed Cartan subalgebra h of g. In the dual function algebra, this deformation corresponds to a skew endomorphism ϕ on the weight lattice of g. When ϕ = 0, one recovers the standard quantum function algebra on G and the resuIts on this paper reproduce the classification obtained in [AG] .
It turns out that O ϕ ǫ (G) is a 2-cocycle deformation of O ǫ (G) , see Lemma 2.14. For this reason, we call O ϕ ǫ (G) the twisted quantum function algebra over G; heuristically it should correspond to the function algebra over the twisted quantum group G ϕ ε . This is not an isolated example. The relation between multiparameter quantum function algebras and 2-cocycle deformations has been explained for particular instances of quantum groups; see for example [Ma] , [Tk2] , [AST] , [HLT] . In general, multiparameter quantum groups were intensively studied. They appeared first in the work of Manin [Ma] and were subsequently treated by different authors, among them [AE, BW, CM, DPW, H, HLT, HPR, LS, OY, R, Tk] .
An important problem in the theory of quantum groups is the determination of the general properties that a quantum group should have, since up to date there is no axiomatic definition of an algebraic quantum group. In this sense, the description of all possible Hopf algebra quotients of the quantum function algebra, seen as algebras of functions over quantum subgroups, of the known examples would give some insight on the structure of the quantum group. This can be viewed as the quantum version of the classical problem of studying subgroups of a simple algebraic group. This is an actual area of research since the description by P. Podleś [P] of the compact quantum subgroups of Woronowicz's quantum groups SU q (2) and SO q (3) for q ∈ [−1, 1] \ 0. Besides the result of Podleś, the main contributions are ⊲ the description of the finite quantum subgroups of GL q (n) and SL q (n) for q an odd root of unity by Müller [Mu] ; ⊲ the classification in [AG] of the quantum subgroups of G q , for G a connected, simply connected, complex simple algebraic group G, with q a primitive ℓth root of unity with ℓ odd and coprime with 3 if G is of type G 2 . ⊲ the description in [G] of the quantum subgroups of the two-parameter deformation GL α,β (n) for α −1 β a primitive root of unity of odd order; ⊲ the compact quantum subgroups of SO −1 (3) were determined by Banica and Bichon [BB] ; ⊲ the study of the quantum subgroups of SU q (2) for q = −1 in [BN] and for q = −1 in [FST] . ⊲ the description by Bichon and Dubois-Violette [BD] of the compact quantum subgroups of the half-liberated orthogonal quantum groups O * n from [BS] . ⊲ the classification of the quantum subgroups of SU −1 (3) by Bichon and Yuncken [BY] . As the reader might have noticed, the problem splits into the algebraic case and the compact case. The latter is reduced mainly to the case when q = −1. In this paper, we study the algebraic case, hence we will assume that q is a primitive root of unity of odd order. The main result reads For the definition of the twisted subgroup data see Definition 4.8. We prove Theorem 1 in Section 4 through Theorems 4.9, 3.4 and 4.15. We use the strategy developed in [AG] for the untwisted case, where the Hopf algebra quotients are constructed using commutative diagrams whose rows are central extension of Hopf algebras. Since O ϕ ǫ (G) is a 2-cocycle deformation of O ǫ (G) , several steps of the construction can be carried out without much effort. On the other hand, special attention has to be paid for certain constructions. To describe them we use the study of O ϕ ǫ (G) carried out by Costantini and Varagnolo in [CV1] and [CV2] , which is in turn a generalization of [DL] .
As a consequence of Theorem 1 one would expect the construction of new examples of finite-dimensional Hopf algebras with different properties which might not be necessarily 2-cocycle deformation of Hopf algebra quotients of O ǫ (G) . These examples are given by central exact sequences of Hopf algebras. We hope that, using similar methods to those of Ştefan [Ş] , who characterized Hopf algebras with certain properties as quotients of the quantum function algebra O q (SL(2)) and used this to understand the structure of low-dimensional Hopf algebras, see [N] as well, these examples might help to understand better the classification problem for finite-dimensional Hopf algebras over the complex numbers.
The paper is organized as follows. In Section 2 we recall the definition and general properties of the twisted quantum enveloping algebra U ϕ q (g), its divided power algebra, the twisted quantum function algebra O ϕ q (G) and their specializations at roots of unity, and we show that O ϕ ǫ (G) is a 2-cocycle deformation of O ǫ (G) . In Section 3 we describe the twisted Frobenius-Lusztig kernels u ϕ ǫ (g) and all the Hopf algebra quotients of u ϕ ǫ (g) * . We also prove that u ϕ ǫ (g) is a twist deformation of u ǫ (g). Finally, in Section 4 we prove the main theorem.
Conventions and Preliminaries. Our references for the theory of Hopf algebras are [Mo] , [Ra] . We use standard notation for Hopf algebras; the comultiplication, counit and antipode are denoted by ∆, ε and S, respectively. Let k be a field. The set of grouplike elements of a coalgebra C is denoted by G(C). We also denote by C + = Ker ε the augmentation ideal of C. Let H be a Hopf algebra. H op denotes the Hopf algebra with the same coalgebra structure but opposite multiplication and H cop denotes the Hopf algebra with the same algebra structure but opposite comultiplication. Let g, h ∈ G(H), the set of (g, h)-primitive elements is given by P g,h (H) = {x ∈ H : ∆(x) = x ⊗ g + h ⊗ x}. We call P 1,1 (H) = P (H) the set of primitive elements.
Recall that a convolution invertible linear map σ in
and σ(a, 1) = ε(a) = σ(1, a) for all a, b, c ∈ H, see [Mo, Sec. 7 .1]. In particular, the inverse of σ is given by σ −1 (a, b) = σ(S(a), b) for all a, b ∈ H. Using a 2-cocycle σ it is possible to define a new algebra structure on H by deforming the multiplication, which we denote by H σ . Moreover, H σ is indeed a Hopf algebra with [Do] for details)
Remark 1.1. Let H be a Hopf algebra, I a Hopf ideal, A = H/I and π : H → A the canonical map. Clearly, any 2-cocycle on A can be lifted through π to a 2-cocycle on H.
for all h, k ∈ H defines a normalized multiplicative 2-cocycle on A and the induced map π σ : H σ → Aσ is a Hopf algebra map. In particular, if B is a central Hopf subalgebra of H such that σ| I⊗H+H⊗I = 0 with I = B + H, then the formula above defines a 2-cocycle on A = H/B + H.
Let H be a Hopf algebra and J ∈ H ⊗ H an invertible element. We say that J is a normalized twist if
Given a twist J for H, one can define a new Hopf algebra H J with the same algebra structure and counit as H, but different comultiplication and antipode
for all h ∈ H, where we denote
The notion of 2-cocycle and twist are dual of each other. If H is finite-dimensional, then J is a twist for H if and only if J * is a 2-cocycle on H * . Definition 1.2. A Hopf pairing between two Hopf algebras U and H over a ring R is a bilinear form b : H × U → R such that, for all u, v ∈ U and f, h ∈ H, Let G be a connected, simply connected simple complex algebraic group and g = Lie(G) the Lie algebra of G. We fix h ⊆ g a Cartan subalgebra and Φ the root system associated to h with simple roots Π = {α 1 , . . . , α n }, where n = rk(g) := dim(h). Let (−, −) be the symmetric bilinear form over h * induced by the Killing form. Then, the Cartan matrix
and DA is symmetric. The fundamental weights ω 1 , . . . , ω n are given by the property
Zω i the weight lattice, P + the positive weights, Q = n i=1 Zα i the root lattice, Q + the positive roots and W the Weyl group associated to Φ. The bilinear form (−, −) defines a Z-pairing over P × Q.
Let q be an indeterminate, R = Q[q, q −1 ] and Q(q) its field of fractions. Let ǫ be an ℓth root of unity with ord ǫ = ℓ odd and
Twisted quantum groups
In this section we recall the definition of the twisted (multiparameter simply connected) quantum enveloping algebraǓ ϕ q (g), its divided power algebra and the twisted quantum function algebra O ϕ q (G) . The former is isomorphic to the multiparameter quantum enveloping algebra defined in [R] and [CKP] , see [CV1] , and the latter is introduced by Costantini and Varagnolo in [CV2] . We follow mainly [CV2] for the description.
These algebras depend on a Q-linear map on the weight lattice that induces a deformation on the coproduct ofǓ q (g), and on the product of O q (G) . This deformation is given by a multiplicative 2-cocycle on O q (G) and resembles a twist deformation onǓ q (g). For this reason, we call them twisted quantum function algebras and twisted quantum enveloping algebras, respectively. We describe also the corresponding objects at roots of unity and some basic properties such as PBW basis, a Hopf algebra pairing and the quantum Frobenius map. In particular, twisted quantum function algebras at roots of unity fit into an exact sequence of Hopf algebras.
Throughout we omit the supraindex ϕ when ϕ = 0 on the quantum function algebras and on the corresponding maps if no possible confusion arise.
2.1. The twisting map ϕ. Consider the Q-linear space QP = n i=1 Qω i spanned by the weigths and define a Q-linear map satisfying:
where (−, −) is consider as a linear extension of the Z-pairing over P × Q to a symmetric bilinear form QP × QP → Q. In particular, ϕ is antisymmetric with respect to this form.
According to the first two conditions we have that (2τ i , α j ) = −(2τ j , α i ). Writing τ i = n j=1 x ji ω j = n j=1 y ji α j with x ji , y ij ∈ Z for all 1 ≤ i, j ≤ n, it follows that
,j≤n is antisymmetric. In particular, x ii = 0 for all 1 ≤ i ≤ n and ϕ depends on at most n(n−1) 2 integer parameters. Moreover, by [CV1, Lemma 2.1] the matrix A + 2X is invertible and the maps 1 ± ϕ : QP → QP are Q isomorphisms that satisfy that
for all λ, µ ∈ P.
2.2. Twisted quantum enveloping algebras. Let Q ⊆ M ⊆ P be a lattice. For convenience, we recall the definition of the one-parameter quantum enveloping algebras
is the Q(q)-algebra generated by the elements
, linebreak {K λ : λ ∈ M} satisfying the relations
It is well-known that U q (g, M) is a Hopf algebra with its comultiplication defined by setting E i to be (1, K α i )-primitive and F i to be (K −α i , 1)-primitive, for all 1 ≤ i ≤ n. Using the map ϕ, one may define a different coproduct, counit and antipode on U q (g, M) as follows (see [CV2, §1.3 
Note that the coproduct is well-defined by (2). With this new structure, U q (g, M) is again a Hopf algebra which is denoted by U
Remark 2.2. From the defining relations we have that
The second assertion follows analogously.
be the Hopf subalgebras ofǓ ϕ q (g) generated by the elements K λ , E i with λ ∈ P and λ ∈ Q, respectively. Similarly, leť U ϕ q (b − ) and U ϕ q (b − ) be the Hopf subalgebras of generated by the elements K λ , F i , with λ ∈ P , and λ ∈ Q, respectively. The algebra U ϕ q (g) is the Hopf subalgebra generated by K λ , E i , F i with λ ∈ Q and 1 ≤ i ≤ n.
Pairings, Borel subalgebras and integer forms
for λ, µ ∈ P and 1 ≤ i, j ≤ n. The pairing π ϕ can be obtained from π −ϕ by the conjugation of the Hopf algebra Q-anti-isomorphism
If ϕ = 0, denote by π 0 the corresponding bilinear form. Using these pairings we will define four R-Hopf algebras that will be needed later.
Fix a reduced expresion of the longest element w 0 = s i 1 · · · s i N in the Weyl group W and consider the total ordering on Φ + given by
The braid group B W associated to W acts onǓ ϕ q (g) via the Lusztig automorphisms T i j for 1 ≤ j ≤ N, and one may define the root vectors
and
cop , respectively, generated by the elements e ϕ α and
cop , generated by the elements f ϕ α and K (1+ϕ)ω i for 1 ≤ i ≤ n and α ∈ Φ + . By restriction, we get the following pairings [L] , one may take as bases of U ϕ q (b + ) and U ϕ q (b − ), respectively, the elements
where [ ] represents the integer part function and
Divided power algebras. We describe now an integer form of U ϕ q (g), which is used to define the algebra U ϕ ǫ (g) at the root of unity ǫ.
It is known that the sets {ξ m,t } and {η m,t } are R-bases of Γ ϕ (b + ) and Γ ϕ (b − ), respectively. This implies that both are algebras isomorphic to Γ(b + ) and Γ(b − ). Moreover, they are also subcoalgebras with the coproduct given by
Again by restriction, we get the Hopf pairings
By [CV2, Lemma 1.12], the algebras R
′′ admit a Hopf algebra structure such that the pairings above become perfect Hopf algebra pairings. Moreover, we have that
In particular, it is generated by the elements
2.4. Twisted quantum function algebras. In this subsection, we introduce the dual
They are obtained as the submodules generated by the matrix coefficients of representations of type one.
Let C ϕ be the full faithfull subcategory in U ϕ q (g)-mod consisting of finite-dimensional modules on which the elements K α i act diagonally by powers of q. Then C ϕ is a tensor category which is strict. Denote by
spanned by all the matrix coefficients of objects in 
as coalgebra, we keep this notation for the coproduct on O ϕ q (G). Lemma 2.7. [LS] For i = 1, 2 and
Remark 2.8. Following [HLT, §2] , the quantum function algebra
If we define the anti-symmetric bicharacter p :
and by [HLT, Theorem 2 .1], O ϕ q (G) is isomorphic to the deformed P -bigraded Hopf algebra O q (G) p where the product is given
For more details on twisting, deformation and r-matrices, see [HLT] , [CV2, §2.2].
Definition 2.10. Let E ϕ be the full faithfull subcategory in Γ ϕ (g)-mod whose objects are the free R-modules of finite rank such that the elements K i and 
given by the multiplication. The dual map composed with the isomorphism above give the injection
Lemma 2.11. [CV2, Lemma 2.5] The image of µ ′′ ϕ is contained in the R-subalgebra A ′′ ϕ generated by elements the 1 ⊗ e ϕ α , f ϕ α ⊗ 1 and K −(1+ϕ)λ ⊗ K (1−ϕ)λ for λ ∈ P , α ∈ Φ + . Let λ ∈ P + and v ±λ be a highest (resp. lowest) weight vector of L(λ) (resp. L(−λ)). Let φ ±λ be the unique element in L(±λ) * , such that φ ±λ (v ±λ ) = 1 and vanish over the complement Γ(h)-invariant of Q(q)v ±λ ⊂ L(±λ). Denote by ψ ±λ = c φ ±λ ,v ±λ the corresponding matrix coefficient.
As in [DL] , we define for all α ∈ Φ + , the matrix coefficient ψ
Indeed, evaluating both expressions in EM ⊗ F N where EM = ξ m 1 ,0 η 0,t 2 and F N = η m 2 ,0 ξ 0,t 1 for suitable m 1 , t 2 , m 2 , t 1 of the basis of Γ ϕ (b + ) and Γ ϕ (b − ) (c.f. Definition 2.5) respectively, and using [DL, Lemma 4.4 (iv)] we have that
On the other hand, using the pairings π
and the claim follows.
(b) By [CV2, Propositions 1.9 & 2.7], for all 1 ≤ i ≤ n we have that
We check the first formula, the second follows similarly. Since µ ′′ ϕ (ψ
−ω i ), and by [DL, Lemma 4.5 (vi) ], it holds that µ ′′ 0 (ψ [DL, (3. 3)], using the definitions in (3), we obtain
and the assertion is proved.
The following lemma is a twisted version of [DL, Lemma 4 .1].
Lemma 2.13. R ϕ q [G] coincides with the R-Hopf subalgebra of U ϕ q (g)
• given by the set of all linear functions f : Γ ϕ (g) → R such that there exists a cofinite ideal I ⊂ Γ ϕ (g) and N ∈ N which satisfy that f (I) = 0 and Proof. Since Γ ϕ (g) = Γ(g) as algebras, R ϕ q [G] coincides with the set above by [DL, Lemma 4 .1]. The Hopf algebra structure is the one induced from Γ ϕ (g)
• . The last claim follows from the fact that Γ ϕ (g) has a PBW-basis and its dual basis lie in R ϕ q [G] .
2.5. Specializations at roots of one. In this subsection we recall the definition at roots of unity of the twisted quantum algebras, and state some results that will be needed later. For all Q ≤ M ≤ P , we define
denote byr the image of the canonical projection R ։ Q(ǫ).
If we specialize q at ǫ, then we have
= 1 as desired. The other two relations follow from the fact (ℓ) ǫ = 0.
The following lemma is analogue to [DL, Lemma 6 .1].
Lemma 2.16. There exists a perfect Hopf pairingρ : [G] and u ∈ Γ ϕ (g), wherex andū denote the images of x and u under the canonical projections
respectively. A direct computation shows thatρ is a well-defined map and it is a non-degenerate Hopf pairing. Now we introduce the twisted quantum Frobenius map. For details, see [CV2, §3] . For 1 ≤ i ≤ n, let e i , f i and h i denote the Chevalley generators of g and write e 
Its kernel is the ideal generated by the elements K α i − 1, E i and F i . In particular, there is a Hopf algebra monomorphism
Let k be a field extension of Q(ǫ).
Proof. Follows from [CV2, Proposition 3.5], [DL] and [BGS] . 1
Twisted Frobenius-Lusztig kernels
In this section we define and study the twisted Frobenius-Lusztig kernels and the quotients of their duals. They are finite-dimensional pointed Hopf algebras which are twist deformations of the usual kernels.
Let Z ϕ 0 be the smaller B W -invariant subalgebra of U ϕ ǫ (g) that contains the elements
Proof. The proof follows the same lines as [BG, Theorem III.6 .2], using that the algebra W spanned by the elements
for all α ∈ Q and 1 ≤ i ≤ n is a Hopf subalgebra, and this follows from a simple computation using the q-binomial formula. For example,
Definition 3.2. The twisted Frobenius-Luzstig kernel is defined as the quotient 
Proof. By definition, there exists a Hopf epimorphism
Adapting the proof of [BG, Theorem III.7 .10], we have the following. 
Since both algebras have the same dimension, the assertion follows by Lemma 3.3.
As a consequence of the theorem above, the following sequence of Hopf algebras is exact
Proof. By Lemma 2.14,
where the cocycle is given by the formulaσ(π(x), π(y)) =σ(x, y) for all x, y ∈ O ǫ (G). We may consider σ :
, and i = 1, 2, where ·, · is the perfect pairing given by the evaluation. Thus, the components of J must act diagonally and consequently,
3.1. Subalgebras of u ϕ ǫ (g). In this subsection we discuss a parametrization of the Hopf subalgebras of u ϕ ǫ (g). Since u ϕ ǫ (g) is a pointed Hopf algebra, any Hopf subalgebra is also pointed, and in this case, it is generated by a subgroup of the group of group-like elements and a subset of skew-primitive elements. 
Then the Hopf subalgebra of u ϕ ǫ (g) corresponding to the triple (I + , I − , Σ ϕ ) is the subalgebra generated by the set {g, E i , F j | g ∈ Σ ϕ , α i ∈ I + and α j ∈ I − }.
Proof. The proof follows from [AG, Corollary 1.12] , since u ϕ ǫ (g) is generated by grouplike and skew-primitive elements. In particular,
Each pair (I + , I − ) determines a regular Lie subalgebra p of g containing the fixed Cartan subalgebra h. Next we define the corresponding twisted quantum algebras.
Definition 3.7. For every pair (I + , I − ) with I ± ⊂ ±Π, we define Γ ϕ (p) as the subalgebra of Γ ϕ (g) generated by the elements
Next we define a family of regular twisted Frobenius-Lusztig kernels.
Definition 3.9. For every pair (I + , I − ) with I ± ⊂ ±Π, we define the twisted regular Frobenius-Lusztig kerner u ϕ ǫ (p) as the subalgebra of Γ ϕ ǫ (p) generated by the elements
In the following propositions we collect some properties. Proof. Follows from Lemmata 3.3 and 3.6. 
(ii) There is a surjective algebra map θ :
Proof. (i) It follows from [CV2, DL] and Proposition 2.17 that Ker Fr = u [A, Lemma 3.4 .2] but using the formula (4) instead of the formula (1.1.3) in [A] . So the first row is exact. To prove that the second row is exact, note that u 
Remark 3.12. Let p be the set of primitive elements in U(p) Q(ǫ) . Then, p is a regular Lie subalgebra of g, and u ϕ ǫ (p) is the Frobenius-Lusztig kernel associated to it. Proposition 3.13. u
J is the subalgebra of u ǫ (g) J that is isomorphic to the Hopf subalgebra of 
14. For all i ∈ {1, . . . , n} such that α i ∈ (I + ∩ I − ) c , we define the algebra homomorphism
for all α j ∈ I + , α k ∈ I − , t ∈ {1 . . . n}.
In particular, we may identify 
Analogously, it is possible to characterize in the same way the kernel N ϕ . In this case we have to consider the system of linear equations determined by the conditionsD
Example 3.16. Assume g is of type C 3 with associated Cartan matrix A =
where a ∈ Z, and b, c ∈ 2Z. Set a = 1, b = 2, c = 0 and ℓ = 11. Then, ϕ(α 1 ) = 4α 1 + 8α 2 + 10α 3 , ϕ(α 2 ) = −2α 1 − 2α 2 − 2α 3 and ϕ(α 3 ) = −2α 1 − 2α 2 − 2α 3 .
(a) If we choose I + = {α 2 } and I − = {α 1 }, then S ϕ 11 = ( 5 8 10 2 3 2 ) ∼ 11 ( 1 0 8 0 1 10 ) and
, then we have that
The following proposition states that the elements in [L, Theorem 6.7] and [AG, Lemma 2.14 
The hypotesis on
* , z ∈ (Z/ℓZ) m , i ∈ I + and j ∈ I − . Moreover, since the elements
• .
Definition 4.1. We define the twisted quantum function algebra associated to the regular Lie subalgebra p of g as the Hopf algebra given by
, is a Hopf algebra, which is in fact isomorphic to u ϕ ǫ (p) * .
Proposition 4.2.
(i) P is a connected algebraic group and Lie(P ) = p. (ii) The following sequence of Hopf algebras is exact
* as Hopf algebras.
Proof. (v) Dualizing the diagram (7) we get (P ) , where the 2-cocycleσ is given by the formulaσ(Res(x), Res(y)) = σ(x, y) for all x, y ∈ O ǫ (G) . On the other hand, by Propositions 3.5 and 3.13 we know that u ϕ ǫ (p) * = (u ǫ (p) * ) τ for the 2-cocycle τ given by τ (Res(π(x)), Res(π(y)) =σ(x, y). Since the diagram (11) for ϕ = 0 is commutative, the pullback of the cocycle τ coincides with the cocycleσ. 4.2. Quantum subgroups from classical subgroups. In this subsection we construct a Hopf algebra quotient of O ϕ ǫ (G) associated to the pair (I + , I − ) and an algebraic subgroup of G included in P . This is based in the pushout construction, which is a general method for constructing Hopf algebras from central exact sequences.
The following proposition follows from the arguments in [AG, §2.2] . If γ : Γ → G is a homomorphism of algebraic groups, then t γ : O(G) → O(Γ) denotes the corresponding algebra map between the coordinate algebras. 
Proof. Follows by the proof [AG, Theorem 2.17] . We reproduce the first part here to give an idea. By Lemma 4.6, we know that the group-like elements ∂ z ∈ A are central in A The next theorem establishes the converse of Theorem 4.9. We give its proof in several lemmata. 
